We re-examine observational evidence presented in support of the hypothesis of a sun-climate complexity linking by N. Scafetta and B. West, Phys. Rev. Lett. 90, 24 (2003). The original analysis concluded that the integrated solar flare index and the global temperature anomaly both follow Lévy-walk statistics with the same waiting-time exponent µ. However, this analysis did not account for trends in the signal, cannot deal correctly with infinite variance processes (Lévy flights), and crucial information about the stochastic properties of the signals is lost by considering only the second moment. The Lévy-walk signatures and common waiting-time exponent µ ≈ 2.1 found for the two signals are essentially a result of failure to eliminate the effects of trends. Our analysis shows that properly detrended, integrated solar flare index is well described as an uncorrelated Lévy flight, while the detrended, integrated temperature anomaly record is consistent with a persistent fractional Brownian motion. These very different stochastic properties of the solar and climate records do not support the hypothesis of a sun-climate complexity linking.
In a series of papers Nicola Scafetta, Bruce J. West and Paolo Grigolini suggest the existence of a "complexity linking" between solar activity and earth global temperature [1] [2] [3] . It is contended that stochastic signatures in the solar flare index (SFI) can be observed in the global temperature anomaly (GTA) on time scales shorter that the 11-year sunspot period, because their analysis indicates that the two time records share properties characteristic of a Lévy walk. Their argument is based on the comparison of certain scaling exponents derived from the integrated time series x(t) ≡ t T (t ) dt , y(t) ≡ t F (t ) dt , where T (t) denotes the GTA and F (t) the SFI. The SFI is modeled in [4] as a Lévy-walk process characterized by the waiting-time exponent µ, and a diffusion entropy analysis (DEA) is developed to extract this exponent from time-series data through the scaling relation S(t) ≡ − ∞ ∞ p(x, t) ln[p(x, t)] dx = A + δ ln(t), where p(x, t) is the one-point probability density function (PDF) for the stochastic process {x(t)}, and δ = 1/(µ−1) for a Lévy walk [4, 5] . Finally they demonstrate that δ ≈ 0.9, which gives µ ≈ 2.1, for the GTA as well as the SFI . The main diagnostic tool for identifying a signal as a Lévy walk is the observation that for a Lévy walk the diffusion exponent H D obtained from the standard deviation analysis (SDA), D(t) ≡ E[x(t) 2 ] ∼ t H D , is different from δ obtained from the DEA, and related by
Note that if p(x, t) has finite variance (D(t) < ∞), and the process is self-similar, then δ is the self-similarity exponent of the process and δ = H D . Hence, the Levywalk is not a self-similar process.
If two different time records satisfy Eq. (1), and in addition have similar values of the scaling exponents, Scafetta and West (S&W) [1] conclude (A) that they represent the same Lévy-walk process, and (B) they take this as support of the existence of a complexity linking between the physical systems generating these records.
In this letter we will not deal with part (B) of their reasoning, but focus exclusively on part (A), which isolates the problem to the time-series analysis of the SFI and GTA data records. Thus the main hypothesis to test in this letter is:
Hypotesis-I: The SFI and the GTA records are Levywalks with similar waiting-time exponents µ ≈ 2.1 on time-scales shorter than a solar cycle.
That something appears to be wrong with this hypothesis can be seen by inspection of the histogram estimates of the PDFs p(∆x, ∆t) of the increments ∆x(∆t, t) ≡ x(t + ∆t) −x(t) for the detrended GTA data on varying scale ∆t, and the corresponding estimated PDFs for the integrated process y(t) for the SFI time-series, as shown in Figure 1 . Unfortunately, only monthly mean GTA data are available from 1880 to date, while for SFI we have daily data. Nevertheless, the different shapes of the PDF-estimates for the the two data records shown in Figure 1 (d) are evident and indicate that their stochastic nature are fundamentally different. One feature they seem to share, however, at least on this crude level of analysis, is self-similarity; the PDFs on different time scales ∆t seem to be unchanged after rescaling with a given self-similarity exponent δ. Since the integrated, detrended GTA and SFI time series are self-similar, they cannot also be Lévy walks. Note also that a Lévy flight (in contrast to a Lévy walk) is self-similar, but since the second moment E[x(t) 2 ] is infinite for flights, we need to find diagnostic tests to handle processes with infinite higher moments. In the following we formulate a competing hypothesis that can be tested against the GTA and SFI data: Hypothesis-II: The integrated SFI is well described by a Lévy flight with δ = 1/α ≈ 1, while the integrated GTA is well described by a persistent fractional Brownian motion (fBm) with δ = H D = 0.65 superposed on a slow multi-decadal trend.
Test-I is the test used in [1] : DEA is used to compute δ, and SDA is used to compute H D . If δ = H D for SFI as well as GTA, it is concluded that the signals are well described by a Lévy-walk model. If the waiting-time exponents µ have comparable values for the two signals, it is taken as a confirmation of a complexity linking. As it is implemented in [1] this test has several weaknesses: (i) Trends in the data tend to increase both δ and H D towards unity. By proper detrending of the SFI as well as the GTA we show below that the result δ ≈ H D ≈ 1 found for both signals in [1] is a consequence of failure to eliminate the periodic trend associated with the solar cycle in the SFI, and the multi-decadal, polynomial trend in the GTA. (ii) Since the test employs the SDA, it assumes that the second moment is finite, and hence it cannot deal correctly with Lévy flights. (iii) Since only the entropy and the second moment is estimated, a lot of information is lost if the signal is not self similar.
In Figure 2 we illustrate the effect improper detrending has on this analysis. In Figure 2 (a) we show on top of each other the integrated GTA signal x(t) and a synthetic data set x s = t [w δ (t ) + P (t )] dt obtained by superposing a fractional Gaussian noise w δ (t) with δ = 0.65 onto the polynomial trend P (t) shown in Figure 1 . By doing this, we recover curves indistinguishable from those shown in (d) and δ will be lowered from 0.70 to 0.65. Most interesting, however, is that the curves for the synthetic record shown in Figure 2 (e) are almost identical to those for the un-detrended GTA record in (c). It implies that Test-I employed to un-detrended data is unable to distinguish between the Lévy walk contended in [1] and a persistent fBm superposed on the multi-decadal trend.
Test-II is designed by us to deal with the weaknesses exposed in Test-I. It is based on a recent result by Heyde and Sly (2008) [8] . It utilizes the empirical scaling function ζ(q), which estimates all empirical momentŝ
for N 1. Note that these empirical moments exist for a given N , even if the moment defined as the limit as N → ∞ does not exist. Hence the method can be applied to Lévy flights. For self-similar processes with finite moments ζ(q) is a linear function ζ(q) = qδ. For Lévy flights the absence of finite higher moments makes ζ(q) bi-linear; ζ(q) = qδ for 0 < q ≤ 1/δ, and ζ(q) = 1 for q > 1/δ [8] . The standard deviation D(t) ≡ E[x(t) 2 ] is infinite, but the empirical scaling functions exist and we have the estimateD N (t) ≡ Ŝ N,2 (t) ∼ t ζ(2)/2 . The exponentĤ D ≡ ζ(2)/2 can be regarded as an empirical diffusion exponent.
For Lévy walks the absence of self-similarity gives rise to a curved ζ(q). This is demonstrated for simulated Lévy walk in Figure 3(f) . Thus, this test is capable of distinguishing between Gaussian processes, Lévy flights, and Lévy walks. We run Test-II on the integrated GTA time series x(t) and the integrated SFI time series y(t). For the detrended GTA data we find self-similar scaling in a range 30-10 4 days, and a linear ζ(q) with slope δ = 0.65, as shown in Figure 3(b) , confirming our previous result of a selfsimilar persistent process. Similar analysis on the SFI data shows scaling in the range 1-10 4 days, and results in the bi-linear form of ζ(q) shown in Figure 3(d) . The scaling in the range 1-10 4 days is less perfect than in the range 1-500 days, due to the solar cycle, but the resulting ζ(q) is essentially the same. As explained below, we perform the detrending in the SFI by implementing a wavelet version of the empirical moments. These analyses demonstrate in a simple and transparent manner the obvious differences in the stochastic properties of the GTA and the SFI records. The analysis of the properly detrended integrated GTA signal x(t) is consistent with a persistent fBm with δ ≈ 0.65, while the analysis of the integrated SFI signal y(t) is consistent with a Lévy process with δ ≈ 1. Figure 3 (f) shows ζ(q) for a simulated Lévy walk with δ = 0.67 (µ = 2.5), demonstrating a distinct shape of ζ(q) for Lévy walks. However, we do not really need to use this information to rule out that the SFI can be properly modeled as a Lévy walk, since the bi-linear form shown in Figure 3 Now it is evident why Test-I yields a result that seems to be consistent with Hypothesis-I. For both GTA and SFI this result is associated with the fact that the trends in the data tend to increase both the DEA estimate of δ and the SDA estimate of H D towards unity, and for δ ≈ H D ≈ 1 Eq. (1) is always approximately satisfied. Once proper detrending is done, the values of δ and H D are reduced, Eq. (1) is no longer satisfied, and the Lévy-walk hypotesis fails.
Below, we provide some details on the data analysis associated with Test-II. As discussed above, a problem with the method employed in [1] is that the analysis of scaling properties of the temperature data are computed without any form of detrending. It is well known that standard techniques for calculation of self-similiarity exponents in real data sets are sensitive to polynomial trends. Indeed, several analytical tools have been developed to deal with this problem. Examples include the wavelet-based empirical moments defined below, detrended fluctuation analysis [6] and detrended multifractal fluctuation analysis [7] . Employing such techniques to daily local temperature records, Bunde et al. [9] demonstrated that these have a universal exponent δ = 0.65 valid also on time scales shorter than a month. By subtracting a fitted fourth order polynomial from x(t), we obtain a detrended signal x(t) which features this universal self-similarity exponent in contrast to the δ ≈ 0.9 found in [1] . Polynomials of increasing order is used until δ stabilizes at constant value agreeing with the more refined detrending methods mentioned above. The quasi-periodic decadal trends do not have significant impact on this result, as the effect is just the V -shaped feature seen in the three last points in the structure functions displayed in Figure 3(a) . Subtracting this trend will remove this feature, but the slopes for smaller ∆t, and hence the slope of ζ(q), will remain the same.
The SFI is influenced by the solar cycle, hence one should use a technique that deals with this trend, such as the wavelet-based empirical moments (WBEMs):
and the mother wavelet ψ(t) is the 5-th order derivative of exp(−t 2 /2). The PDFs of the wavelet coefficients are heavy-tailed, and the wavelet-based empirical scaling function ζ(q), defined viaŜ N,q (∆t) ∼ ∆t ζ(q) , is well approximated by the bi-linear form ζ(q) = qδ for q ≤ 1/δ, and ζ(q) = 1 for q > 1/δ, with δ ≈ 1.0. This indicates that the SFI is a Lévy noise with Lévy exponent α = 1/δ ≈ 1. Here α < 2 is the exponent characterizing the power-law tail of the PDFs. A fractional Lévy flight [8] , is characterized by an additional memory exponent β, where β = 2 corresponds to a regular Lévy flight W α (t). It has a self-similarity exponent δ = 1/α + β/2 − 1, and since the bi-linear empirical scaling functions for fractional Lévy flights are on the the form [8] :
we can use Figure 3 (d) to conclude that β ≈ 2, and confirming that the integrated SFI is well characterized by a Lévy flight (uncorrelated increments).
In conclusion, the sun-climate complexity-linking conjecture in the form of Hypotesis-I has been falsified by our Test-II. Test-I is not able to handle Lévy flights and hence distinguish correctly between Lévy flights and Lévy walks, and it cannot distinguish between a Lévy walk and an fBm with a trend. Test-II is a strong test, because it it incorporates detrending, deals correctly with Lévy flights, and utilizes all empirical moments q > 0. Hypothesis-II passes this test, indicating that the integrated solar flare index record can be modeled as an uncorrelated Lévy flight with Lévy index α ≈ 1, and the integrated global temperature anomaly record as a persistent fractional Brownian motion with self-similarity exponent δ ≈ 0.65. These results suggest that the stochastic properties of the global temperature record is governed by the long-memory internal dynamics of the climate system and are not linked to the short-memory intermittent fluctuations which characterize the the solar output.
Details about the data employed in our analysis and the analysis programs can be found on the URL: http://www.complexityandplasmas.net/Preprints.html
